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Abstract 

In this paper we construct a CHY representation for all tree-level primitive QCD ampli¬ 
tudes. The quarks may be massless or massive. We define a generalised cyclic factor C{w,z) 
and a generalised permutation invariant function E{z,p,£). The amplitude is then given as a 
contour integral encircling the solutions of the scattering equations with the product CE as 
integrand. Equivalently, it is given as a sum over the inequivalent solutions of the scattering 
equations, where the summand consists of a Jacobian times the product CE. This represen¬ 
tation separates information: The generalised cyclic factor does not depend on the helicities 
of the external particles, the generalised permutation invariant function does not depend on 
the ordering of the external particles. 


1 Introduction 


The Cachazo-He-Yuang representation (CHY representation) of tree-level amplitudes is based on 
the solutions of the scattering equations. The scattering equations are a set of algebraic equations, 
which associate to the n momentum vectors of a scattering event (n — 3)! inequivalent n-tuples 
of complex numbers z = (zi, These scattering equations have been studied in a series 

of papers by Cachazo, He and Yuang |[I]-171. It is remarkable, that tree amplitudes for gluons 
(spin 1) or gravitons (spin 2) can be expressed elegantly either as a contour integral localised 
at the zeros of the scattering equations or equivalently as a sum over the (n — 3)! inequivalent 
solutions of the scattering equations. The essential ingredients for the gluon amplitudes are 
the Parke-Taylor factor C(w,z), defining the cyclic order and a permutation invariant function 
£■ (z, p, e), containing the information on the helicities of the external particles. In the gluon case, 
the permutation invariant function E{z,p,£) can be written as a (reduced) Pfaffian. The CHY 
representation has triggered significant interest in the community [[8]-l22ll. In addition, there are 
interesting connections with string theory [l23] - [30ll and gravity [[3TI - [3^ . 

The CHY representation of the tree-level gluon amplitudes separates information: The Parke- 
Taylor factor does not depend on the helicities of the external particles, the permutation invariant 
function does not depend on the ordering of the external particles. We may ask, if this separation 
of information exists for other cyclic ordered amplitudes. It is known that this is the case for 
tree amplitudes in = 4 super-Yang-Mills theories (SYM) and for tree amplitudes in QCD with 
one massless quark-anti-quark pair and an arbitrary number of gluons [[T4l . These amplitudes 
satisfy as the pure gluon amplitudes cyclic invariance, the Kleiss-Kuijf relations [|37]| and the 
Bern-Carrasco-Johansson relations (BCJ relations) [|38l . These relations among amplitudes with 
different cyclic order are encoded within the CHY representation in the Parke-Taylor factor. As 
a consequence, amplitudes in = 4 SYM and QCD amplitudes with one quark-anti-quark pair 
have a CHY representation with the same Parke-Taylor factor C (w, z) and a modified permutation 
invariant function E{z,p,£). The situation is more complicated for tree-level primitive QCD 
amplitudes with more than one quark-anti-quark pair. These amplitudes do not satisfy the full 
set of BCJ relations and the cyclic order can therefore not be represented by the standard Parke- 
Taylor factor. These amplitudes will require in addition to the generalisation E{z,p,£) of the 
permutation invariant function a generalisation C(w,z) of the standard Parke-Taylor factor. For 
the simplest case of the QCD tree-level four-point dimpXiinAc Ai^{q,q,q',q') with two quark-anti¬ 
quark pairs this has been discussed in llT4l . However, what is still missing is a treatment of an 
arbitrary tree-level primitive QCD amplitude. In order to construct a CHY representation for 
these amplitudes, we need to know the relations among the amplitudes with different external 
orderings. Quite recently it was discovered that tree-level primitive QCD amplitude satisfy apart 
from some well-known “no-crossed-fermion-lines”-relations a well-described restricted set of 
fundamental BCJ relations. This was first conjectured in [[39ll and subsequently proven in Il40l . 
Equipped with this information one may first construct a minimal basis for the amplitudes, and 
as the number of the elements of the minimal basis never exceeds (n — 3)! construct a CHY 
representation. This is the content of this paper. 

In this paper we show that all tree-level primitive QCD amplitudes have a representation of 
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the form 


A„(w,p,£) = 


(2m)' 


/^ C(w,z) E{z,p,z), 


( 1 ) 


or equivalently 


A„(w,/7,£) = i ^ J e{z^^\p,£^ . (2) 

solutions j 

The preeise definition of all quantities will be given later on in the main text: The arguments 
of the amplitudes on the left-hand side will be defined in seetion I2.1[ the integral measure of 
eq. O will be defined in seetion H] and the Jaeobian faetor J{z,p) appearing in eq. @ will 
be defined in seetion IX3l Central to this paper are the generalised cyclic factor C(w,z) and 
the generalised permutation invariant function £(z,p,£), which will treated in section Wl2\ and 
section |431 respectively. 

Note that tree-level amplitudes in any theory defined by a Lagrangian can be computed easily 
by a variety of methods (Feynman diagrams, Berends-Giele recursion relations iHTl . BCFW- 
recursion relations [|^ 1 and can be considered as known quantities. The purpose of this paper is 
to show that these quantities have a representation in the form of eq. O or eq. (|2l) and to provide 
a definition of the generalised cyclic factor C(w,z) and the generalised permutation invariant 
function .E(z,p,£). The virtue of a representation in the form of eq. ([U) or eq. dH) lies in the 
fact that it separates the information on the external ordering (contained in the generalised cyclic 
factor C{w,z)) from the information on the helicities of the external particles (contained in the 
generalised permutation invariant function .E(z,p,£)). 

Our construction relies on one conjecture. The conjecture is stated in eq. (11041) . In simple 
terms, the conjecture says that the external orderings of a minimal amplitude basis for n^>0 
remain linearly independent, when viewed as the external orderings of the pure gluonic {uq = 0) 
amplitudes. We have verified this conjecture for all amplitudes up to 10 points. 

This paper is organised as follows: In section [2] we review basic facts about tree-level prim¬ 
itive QCD amplitudes. It will be convenient to introduce words and shuffle algebras. We sum¬ 
marise the relations among the primitive amplitudes and define a basis of primitive amplitudes. 
In section |3] we introduce the scattering equations. Since we are interested in primitive QCD 
amplitudes with massless or massive quarks, we present the extension of the scattering equations 
to the massive case for QCD amplitudes. In this section we also define the Jacobian 7(z,p). 
Section m contains the main result of this paper. We define the generalised cyclic factor C(w,z) 
and the generalised permutation invariant function .E(z,p,£). We then prove that with these def¬ 
initions all tree-level primitive QCD amplitudes agree with the CHY representation. In order 
to illustrate our approach, we work out in section [5] a non-trivial example. Finally, section 0 
contains our conclusions. In an appendix we collected a few technical details: The proof of 
an equation allowing the orientation of fermion lines (appendix |3, the explicit expressions of 
the coefficients appearing in the general BCJ relation (appendix [B]) and a proof that a weaker 
statement is sufficient to prove the above-mentioned conjecture (appendix O). 
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2 Tree-level primitive QCD amplitudes 

In this section we introduce our notation. We define words and shuffle algebras and review 
the various relations among primitive amplitudes. Dyck words are a convenient tool to label 
amplitudes with several quark-anti-quark pairs. At the end of this section we present a minimal 
amplitude basis. 

2.1 Basic definitions 

Let us consider a tree-level primitive QCD amplitude with n external particles, out of which Uq 
particles are quarks, Uq particles are anti-quarks and Ug particles are gluons 1143 [I44H . We have the 
obvious relation 


n = Ug + lriq. (3) 

Without loss of generality we may assume that all quarks have different flavours. The quarks 
may be massless or massive. We label the quarks by q \, ^ 2 , ■■■■iQnq, the corresponding anti-quarks 
by ^ 1 ,^ 2 , and the gluons by gi,g 2 , ...,gng- We call the set 

A = (4) 

an alphabet and the elements of this set letters. Ordered sequences of letters are called words: 

W = hk-.-ln- (5) 

We are in particular interested in words with n letters, such that every letter from the alphabet 
occurs exactly once. We denote the set of these words by 

Wo = {/i/ 2 ...A I//e A,for z 7 ^ _/} . ( 6 ) 

The set Wb has n\ elements and each element of Wb can be considered as a permutation of the n 
letters of the alphabet A. For later purpose we define the reversed word by 

= A.../ 2 / 1 . (7) 

The word of length zero is denoted by e. The words from an alphabet form an algebra. The 
shuffle product lu of two words wi = Iih-.-h and W 2 = lk+i---lr is defined by 

/ 1 Z 2 ...A LU ^ (^) 

shuffles O 

where the sum runs over all permutations o, which preserve the relative order of Zi, / 2,4 and 
of Ik+iT-.Jr- The shuffle product is commutative and associative: 


Wi LJJW2 
(wi LU W2) LU W3 
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W2 LUWi, 

Wi LU (W2 LU W3) . 


( 9 ) 



The name “ordered permutations” is also used for the shuffle produet. The empty word e is the 
unit in this algebra: 


eiuw = wine = w. (10) 

We ean use the words w G VTo to eneode the order of the external partieles of tree-level primitive 
QCD amplitudes and we will write 


A„(w) or Anikh-.-ln) (11) 

for such an amplitude. The external momenta for this amplitude are denoted by pi, p 2 , ..., 
Pn. The n-tuple of external momenta will be denoted hy p = (/>!, ...,p„). In a similar way we 
will denote the n-tuple of external polarisations by £. The external polarisations are given by 
polarisation vectors £j for external gluons, spinors uj for out-going fermions and spinors vj for 
out-going anti-fermions. For simplicity we will assume all particles to be out-going. We will 
write 


An (w,/7,£) 


( 12 ) 


if we would like to emphasize that the primitive amplitude depends apart from the external or¬ 
dering w also on the external momenta p and the polarisations £. In situations, where the main 
focus is on the dependence on w, we will simply write A„(w) as in eq. (fTTl) . It will be convenient 
to introduce the following notation: If are numbers and wi, W 2 G Wq words, we write 


An (klWl +'k2W2) 


for 


XlAn{wi)+X2An{w2) . 


(13) 

(14) 


In other words, we take as a linear operator on the vector space of words with basis Wq. We 
will use this notation as a convenient way to express relations among primitive amplitudes. 


2.2 Relations among primitive amplitudes 

The primitive amplitudes are cyclic invariant: 

~ ■ (15) 

Eq. (fTSl) is a first (and trivial) example of relations among primitive amplitudes with different 
external ordering. There are more relations among primitive amplitudes. A further example are 
the Kleiss-Kuijf relations ll371 . Let 

W\=la,la2-laj, W 2 = (16) 

be two sub-words, such that 

{ll}u {la^, {in} = (IV) 
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Then 


An{l\lax---lajlnl^y\_2_^ = (- 1 )" ^ (wiLiJW 2 )/„). (18) 

We reeall that v/ denotes the reversed word, defined in eq. ©, the symbol LU denotes the shuffle 
produet, defined in eq. ([ 8 ]) and we used the notation of eq. (fT3l) . The Kleiss-Kuijf relations in 
eq. (flSl) allow us to fix two legs at speeified positions. 

A speeial case of the Kleiss-Kuijf relation is the case, where wi is the empty word. In this 
case the Kleiss-Kuijf relation reduces to the reflection identity for primitive amplitudes 

A„(w) = (-l)"A„(w^). (19) 

A second special case is given for the situation, where the set P contains only one element. In 
this case the Kleiss-Kuijf relation reduces to the t/(l)-decoupling identity 

^ = 0 , ( 20 ) 

where the sum is over the cyclic permutations of the first (n — l) arguments. 

For amplitudes with more than one quark line {uq >1) there are some trivial relations related 
to the fact that primitive amplitudes cannot have crossed fermion lines. Tree-level primitive 
amplitudes have a fixed cyclic order and all Feynman diagrams contributing to such an amplitude 
can be drawn in a planar way on a disc. If the amplitude has crossed fermion lines the diagrams 
can only be drawn in a planar way with flavour-changing currents. However, in QCD there are 
no flavour-changing currents and these amplitudes are zero. Thus we have the relations: 

An{...qi...qj...qi...qj...) = An {...qi...qj...qi...qj...) = 0. (21) 

For amplitudes with at least one gluon there are further relations. Let us assume that particle 2 is 
a gluon: 


h = ga, aG {l,...,Rg}. 


( 22 ) 


The fundamental Bern-Carrasco-Johansson relations (BCJ relations) read 

t ^P2P 

i=2 \j=i+l 

These relations have first been conjectured for pure gluon amplitudes [1^ and proven in this case 
in [|45| - (T71 . The conjecture was later extended to all tree-level primitive QCD amplitudes [f39ll 
and proven in ll40l . 

Let us summarise: The relations among tree-level primitive QCD amplitudes are 

1. Cyclic invariance, stated in eq. (fT5l) . 

2. the Kleiss-Kuijf relations, given in eq. (fTSl) . 

3. the “no-crossed-fermion-lines”-relation in eq. (|2T]) . 

4. the fundamental BCJ relations stated in eq. (I23l) . 



^ A„{lll^...lil2li+l---ln-lln) = 0 . (23) 
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2.3 Dyck words 

Primitive amplitudes with erossed fermion lines vanish. The ones with no erossed fermion lines 
may be deseribed by generalised Dyek words [|48[|49ll . In order to define these generalised Dyek 
let us eonsider an alphabet eonsisting of Uq distinet opening braekets and Uq eorresponding 
elosing braekets Closing braekets of type i only mateh with opening braekets of type i. A 
generalised Dyek word is any word from this alphabet with properly matehed braekets. Origi¬ 
nally, Dyek did not eonsider braekets of different types. We will use the term “Dyek word” if 
there is only one type of braekets and the term “generalised Dyek word” in the ease of braekets 
with more than one type. We are mainly interested in the generalised Dyek words of length Iriq, 
where every opening and every elosing braeket oeeurs exaetly onee. There are 


^Dyck 


K + 1)! 


(24) 


words of this type. The opening and the elosing braekets of type i may be assoeiated to the 
fermion line i. There are two possible orientations for eaeh fermion line, either 


qi [it 

qi 

(25) 

qi (i: 

qi —^)i- 

(26) 


We define a standard orientation of the fermion lines by requiring, that every quark eorresponds 
to an opening braeket and every anti-quark eorresponds to a elosing braeket, i.e. the standard 
orientation is given for eaeh fermion line by eq. (l25l) . This definition is not eyelie invariant, 
however we may always use the Kleiss-Kuijf relations to fix partiele 1 to be qi and partiele n to 
be qi. Let us define a projeetion P by 

P{qi) = ii, P{gd = e, P{qi) = ),-. (27) 


We then set 


Dyek„ = { w G Wb | P{w) is a generalised Dyek word }. (28) 

This set eontains all words without erossed fermion lines and where all fermion lines have the 
standard orientation. 

It is always possible to reduee an amplitude with an arbitrary orientation of the fermion lines 
to the standard orientation of the fermion lines, by just using eyelie invarianee, the Kleiss-Kuijf 
relations and the “no-erossed-fermion-lines”-relations ll4^|49l . In order to see this, let us assign 
for amplitudes with no erossed fermion lines a level to eaeh fermion line. We draw the external 
order of the partieles on the boundary of a dise and we draw on the dise for eaeh quark-anti- 
quark-pair a fermion line eonneeting the anti-quark with the eorresponding quark. With the help 
of the Kleiss-Kuijf relations we may always put the quark qi at position 1 and the eorresponding 
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anti-quark qi at position n. We assign level 0 to this fermion line. We assign level 1 to all fermion 
lines, whieh are not separated by another fermion line from the fermion line of level 0. We then 
iterate this proeedure and we assign level k to all fermions line, whieh are not separated by 
another fermion line from some fermion line of level (k — 1), and whieh have not been assigned 
any level before. 

There is an iterative proeedure, whieh allows us to express an amplitude with an arbitrary 
orientation of the fermion lines as a linear eombination of amplitudes with the standard orien¬ 
tation. This proeedure brings first all fermion lines of level 1 into the standard orientation, then 
all fermion lines of level 2, ete.. The fermion line of level 0 is trivially brought into the standard 
orientation with the help of the Kleiss-Kuijf relations. At level k eonsider the amplitude 

A„ [xk-1 qiXkqjWk+1 qjjkqiyk-1 ) , (29) 

where Xk-i,Xk, Wk+i,yk and yk-i are sub-words. We assume that the fermion line qt-qi is of level 
(k — 1). This fermion line has already the standard orientation and we assume that all fermion 
lines eontained in the sub-words Xk-i and yk-i have already been oriented. The fermion line 
qj-qj is of level k and has the wrong orientation. The sub-words Xk and yk may eontain further 
fermion lines of level k and higher level. The sub-word Wk+\ may eontain fermion lines of level 
(k-|- 1) and higher. We are going to orient the fermion line qj-qj, respeeting the orientations of 
all fermion lines with level < k. Let us write 

Xk yk (30) 

Then 


An (xk—iqiXkqjWk-\-iqjykqiyk—l^ — 

^ ^ An {xk-iqilq...liaqjw'k+iqjlj,^,...lj,qiyk-l) , (31) 

a=0b=0 

where \wk+i \ denotes the length of the sub-word Wk+i and with 

^'k+i = {ha+i-k)^Wk+i^{hi-hb)- (32) 

All fermion lines of are of level (k + 1) or higher. We eall eq. (ISTl) the “fermion orientation” 

relations. Note that some amplitudes in eq. (ISTl) may be zero due to erossed fermion lines. This 

is either the ease if a quark-anti-quark pair from Xk is split between and or if a 

quark-anti-quark pair from yk is split between j and ... Ij^. We give a proof of eq. (|3TI) in 

appendix IS 

2.4 The amplitude basis 

The relations among tree-level primitive QCD amplitudes allows us to express all amplitudes for 
a given set of external partieles in terms of a set of basis amplitudes. The size of this basis is 

A^basis ~ 


(n-3)!, 


(n-3)! 


2(”^-i) 




nq\ 


Hq > 2 . 


(33) 
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For later purpose we set 


Absolutions = («-3)!, (34) 

(the subseript is a reminder that (n — 3)! is the number of inequivalent solutions of the seattering 
equations) and 


Note that 

nq\ 

and therefore we always have 


N, 


permutations 


= n\. 


2 1 
riq {nq - 2)! 


< 1 , 


for Uq > 2, 


A^basis ^ Absolutions • 


(35) 


(36) 


(37) 


In order to find a CHY representation for tree-level primitive QCD amplitudes it is essential 
that the number of basis amplitudes does not exeeed the number of inequivalent solutions of the 
scattering equations. Eq. (1371) shows that this condition is always satisfied. 

Let us now describe the amplitude basis for the various cases. For Uq = 0 the set of words 
corresponding to a possible basis is given by |[39l 

B ^ 3^0 I l\ , Ifi—l Sn— \ 5 Sn } ■ (38) 

For = 1 we may choose 

B = {hh-'-ln ^Wq \ h = qi, In-l = gn-2, In = ■ (39) 

For > 2 we may choose 

B = I e Dyck„J/i =^ 1,/„_1 G 4 = <?i }• (40) 

Let us briefly review how to express an arbitrary amplitude (w) with w G Wq as a linear com¬ 

bination of amplitudes An{wj) with Wj G B, using the relations summarised in section [Z2l 

We first use cyclic invariance as in eq. (fT5l) to fix particle 1 to be gi (in the pure gluonic case 

Hq = 0) or to be (in the case nq> 1). Let us define a subset Wi of Wq by 


f {/i/ 2--7„ G Wo I/i = gi } , nq = 0, 
\ { hh-.-ln G Wo I /l = l?! } , nq>l. 


(41) 


The set W\ contains all words, where the first letter has been fixed. We then use the Kleiss-Kuijf 
relations in eq. (flSl) to fix particle n to be gn (in the pure gluonic case Uq = 0) or to be q\ (in the 
case nq>\). We define a subset W 2 of W^i by 


r { ^ W^l I hi gn } 5 ^q 0, 

( { ^ 1/2 - ■ G Wl I = <71 } , nq ^ 1. 


(42) 
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The set W 2 eontains all words, where the first and the last letter have been fixed. If > 2 we 
then set to zero any amplitude with erossed fermion lines, in accordance with eq. (|2TI) . We then 
use eq. (l3TI) to express amplitudes with no crossed fermion lines in terms of amplitudes with no 
crossed fermion lines and the standard orientation of the fermion lines. The standard orientation 
of the fermion lines has been defined in eq. (1251) . We define a subset VT 3 of W 2 by 


W 3 


VV2, nq<l, 

I w e W 2 I w e Dyck„^ I, nq>2. 


(43) 


The set W 3 contains all words, where the first and the last letter have been fixed. In addition 
VT 3 excludes all words, which either correspond to crossed fermion lines or correspond to a non¬ 
standard orientation of the fermion lines. Finally, we use the fundamental BCJ relation of eq. (1231) 
to fix particle (n — 1 ) to be gn-\ (in the pure gluonic case Uq = 0 ), to be gn -2 (in the case Uq = 1 ) 
or to remove any gluon from position (n — 1) (in the case Uq > 2). In the latter case we then have 
necessarily an anti-quark at position (n — 1 ), as we already have chosen the standard orientation. 
This brings us down to the basis 


B 


{ hh-.-ln e W3 I 

{ hh-.-ln e Wj, I /„_1 

{ hh-.-ln £ 1^3 I 4-1 


§n—l } ; 

= gn—2 } 5 
e {<? 2 ,---,GnJ } , 


nq = 0, 

nq = 1 , 

Hq > 2 . 


(44) 


The set B contains all words corresponding to a possible basis, as already stated in eqs. (1^ - (l40l) . 
We have the inclusions 


Wo 3 Wi D W 2 5 W 3 D B. (45) 

We will use this chain of inclusions for constructions and proofs in this paper. 

We already mentioned that we may view as a linear operator on the vector space of words 
with basis Wq. Let us denote this vector space by V. The dimension of V is A^permutations = nl. 
Let us assume, that there is another linear operator on V. We would like to investigate, under 
which conditions and are identical. This is the case if and only if they agree on all basis 
vectors of V: 


An{w) = A„(w), VweWo. (46) 

However, we further know that there are relations among the An{wj), and if and are iden¬ 
tical operators, we must have the same relations among the A„(wj). Therefore it is sufficient to 
check that and agree on the smaller set B and to check that the images A„(wj) satisfy all 
the relations of section [L2l Actually it is sufficient to check, that 

1 . An{w) satisfies for all w G Wb cyclic invariance, stated in eq. (fTSl) . 

2. An{w) satisfies for all w G Wi the Kleiss-Kuijf relations of eq. (fTSl) . 

3. An{w) satisfies for all w G W 2 the “no-crossed-fermion-lines”-relations of eq. (1211) and the 
fermion orientation relations of eq. (l3TI) . 


10 


4. An{w) satisfies for all w eWs the fundamental BCJ relations of eq. (l2^ . 

5. A„(w) agrees for all w G B with A„: 

A„(w) = A„(w), VwGB. (47) 

In order to see that these eonditions are suffieient let us start with w G B. Condition [5] guarantees 
that A„(w) agrees with A„(w) on B. Let’s then move to w G W 3 \B. The fundamental BCJ relations 
of oonditionlUensure, that (w) may be expressed as a linear eombination of (w') with w' G B . 
The same relation holds for A„{w) with A„(w) substituted by A„(w) and A„{w') substituted by 
An{w'). Sinee we already know that A„{w) agrees with A„(w) on B, we eonelude that A„(w) 
agrees with An{w) on B 3 . We may repeat this argumentation with eondition [3] and show that 
A„(w) agrees with A„(w) on W 2 . Condition [21 allows us then to eonelude that they agree on W\ 
and finally eondition H] ensures that A„(w) agrees with A„(w) on Wq. 


3 The scattering equations 

In this seetion we introduee the seattering equations. We first treat the massless ease and proeeed 
afterwards to the massive ease. We will also define the Jaeobian 7(z,p), whieh we will need later 
on. 

Let us denote by the momentum eonfiguration spaee of n external partieles: 

= |(pi,P2,-,Bn) e {CMf\pi+p 2 + ...+Pn = 0,pl.=0,p\.=pl.=m\^. (48) 

In other words, a n-tuple p = (pi,P 2 , ■■■,Pn) of momentum veetors belongs to d>„ if this n-tuple 
satisfies momentum eonservation and the mass-shell eonditions. For gluons we have p^. = 0, 
while for quarks we have p^. = p^. = The quarks may be massive or massless, in the latter 
ease we have niq. = 0. Note that a quark and an anti-quark of the same flavour have the same 
mass. 

We further denote by C = C U {o°}. The spaee C is equivalent to the eomplex projeetive 

1 .A, .A, 

spaee CP . For amplitudes with n external partieles we eonsider the spaee C". Points in C" 
will be denoted by z = {z\,Z 2 , ■■■,Zn)- We use the eonvention that z without any index denotes an 
n-tuple. We set for 1 < / < n 


fi{z,p) 


y 2pi-pj + 2Aij 


(49) 


The quantity Aij will be defined below. Differenees like in the denominator will oeeur often in 
this artiele and we use the abbreviation 


Zij — Zi Zj. 


(50) 
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3.1 The massless case 

Let us start our discussion with the massless case, for which 


A,; = 0. (51) 

The scattering equations, originally proposed in the massless case, read ^ 

fi{z,p) = 0. (52) 

For a fixed p G a solution of the scattering equation is a point z G C", such that the scattering 
equations in eq. (l52l) are satisfied. 

The scattering equations are invariant under the projective special linear group PSL(2,C) = 
SL(2, C)/Z 2 . Here, Z 2 is given by { 1 , — 1 }, with 1 denoting the (2 x 2)-unit matrix. Let 

e PSL(2,C). (53) 


Each g G PSL(2, C) acts on a single Zi G C as follows: 


g-Zi 


azi + b 
czi + d 


(54) 


We further set 


g-{z\,Z2,...,Zn) = {g-Z],,g-Z2,-,g-Zn)- (55) 

If (zi,Z 2 ,---,z«) is a solution of eq. (HH), then also (z^,Z 2 , •••,4) = g' {zi,Z 2 , ■■■,Zn) is a solution. 
We call two solutions which are related by a PSL(2, C)-transformation equivalent solutions. We 
are in particular interested in the set of all inequivalent solutions of the scattering equations. As 
shown in [|Tl|2l, there are (n — 3)! different solutions not related by a PSL(2, C)-transformation. 
We will denote a solution by 


dj) — 


dj) M) 


(56) 


and a sum over the (n — 3)! inequivalent solutions by 

E 

solution j 


(57) 


The n scattering equations in eq. (15^ are not independent, only (n — 3) of them are. The Mobius 
invariance implies the relations 


£ fj {z, p)=0, £ Zjfj {z, p)=0, £ zjfj {z, p) = 0. 

f=i ;=i ;=i 


(58) 
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3.2 The massive case 


The extension of the seattering equations to the massive case has been considered in ifTll . In the 
massive case the scattering equations remain invariant under PSL(2, C) provided 

t (59) 

The relations in eq. (15^ remain valid provided that the quantities A,j satisfy in addition 


= A 


7'- 


(60) 


Let us now consider primitive multi-quark amplitudes with quarks, Uq anti-quarks and Ug 
gluons. We may assume that the flavours of all Uq quarks are distinct. In this case we have that to 
every external quark qa corresponds an external anti-quark qa with the same mass m^. Eq. (I59l) 
and eq. (1^ are satisfied if we set 


A 




^qaqa 



( 61 ) 


and A,j = 0 in all other cases. 

Eq. (IMT) is easily understood as follows: The massless scattering equations are valid in any 
space-time dimensions. Starting from D = A space-time dimensions, let us consider a theory in 
D + riq space-time dimensions (one time dimension and {D + fiq — 1) spacial dimensions), where 
the quark of flavour a carries in the a-th extra dimension a momentum component niq^ and the 
anti-quark of flavour a carries in the a-th extra dimension the momentum component {—niqj. 
We take the signature of the metric to be (-I-, 


3.3 The Jacobian 

Eet us define a « x n-matrix 4>(z,p) with entries 


^abiz,p) = 


dfa{z,p) 

dzb 


2pa-pb+2Aab 

^Ib 


^ 2pa-pj+2Aaj ^ 

- L - ji - - 


a = b. 


(62) 


Let ^rft{z,p) denote the (n —3) x (n —3)-matrix, where the rows {i,j,k} and the columns {ps^t} 
have been deleted. We set 


det'4>(z,p) = (-1) 




^'rst{z,p) 


(zijZjkZki) {ZrsZstZtr) 


(63) 


With the above sign included, the quantity det' ^(z,p) is independent of the choice of {ij^k} 
and {r,s,t}. One defines a Jacobian factor by 


J{z,p) = 


1 


det' 4>(z,p)' 


(64) 
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4 The CHY representation of tree-level primitive QCD ampli¬ 
tudes 

We would like to show that all tree-level primitive QCD amplitudes have a representation in the 
form 


An{w,p,£) = 


{2ni[ 


,n—3 


j ^ E{z,p,£) (65) 


or equivalently 


An{w,p,£) = i Y, J {z^^\p^ e{z^^\p,^ . 

solutions j 

In eq. (1651) the symbol d& denotes the invariant PSL(2, C) measure 

J „ ^ /IN p+q^r _ dZpdZqdZr _ 

^ ^ iZp-Zq)izq-Zr){zr-Zqy 


and the primed product of delta functions stands for 

n'5(/fl(z,p)) = {-iy^^^’'{zi-zj){zj-zk){zk-zi) 5(/fl(z,p)), 

a^i,j,k 


( 66 ) 


(67) 


( 68 ) 


taking into account that only (n — 3) scattering equations are independent. The form of eq. (l65l) 
or eq. (l66l) can be interpreted as a “factorisation of information”: The information on the external 
polarisations enters only through £ in E, the information on the external order only through w in 

A A A 

C. The information on the flavours of the external particles enters E (through £) and C (through 
w). The Jacobian J is defined in eq. (I64l) . Under a PSL(2,C) transformation the Jacobian J 
transforms as 


j{g-z,p) = H' 


J{z,p) 


J=i {czj + dY 

We require that C and E transform under PSL(2, C) transformations as 


(69) 


C{w,g-z) = 1^]^ (cz; + J)^j C(w,z), 
E{g-z,p,£) = (^^{czj + dy'^E{z,p,£). 


(70) 


The expression on the right-hand-side of eq. (l66l) is then PSL(2, C) invariant. We further require 
that E is gauge-invariant. 
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It will be convenient to introduce the following short-hand notation: We define a A^permutations- 
dimensional vector with components 

= A„(w,p,£), (71) 

a A^permutations X Absolutions -dimensional matrix M^J by 

c(w,z(^)), (72) 

and a Absolutions-dimensional vector Ej by 

Ej = E(z^}\p,£y (73) 

Then eq. (1^ may be written compactly as 

Aw — i Alw jE j , (7 4) 


where a sum over j is understood. 

4.1 Normalisation 

We may ask if a representation in the form of eq. (l6^ is unique. This is certainly not the case. 
We may always multiply C by a non-zero constant A and divide at the same time E by the same 
constant. More generally, we may multiply C by any function of cross-ratios of the variables z 
and divide E by the same function, as long as this function is independent of the external ordering. 
A function of cross-ratios of the variables z will not change the PSL(2, C) transformation laws 
in eq. (iTOl) . In order to eliminate this freedom we make a choice. 

We make the choice that the generalised cyclic factor C(w,z) agrees with the standard Parke- 
Taylor factor C(w,z) for pure gluonic amplitudes {uq = 0) and for amplitudes with one quark- 
anti-quark-pair {uq = 1). In the massless case these amplitudes are identical to their = A SYM 
counterpart. 

For Hq > 2 we make the choice that for amplitudes with the standard orientation of the 
fermion lines (defined in eq. dlSlfi the generalised cyclic factor C(w,z) agrees as well with the 
standard Parke-Taylor factor C(w,z). Amplitudes with this orientation of the fermion lines and 
one fermion line of the highest possible level (riq—l) are identical to their single-flavour cousins 
(any non-trivial permutation of the quarks while keeping the anti-quarks fixed will lead to crossed 
fermion lines). In the massless case these single-flavour amplitudes are in turn identical to their 
AC = 4 SYM counterparts (the couplings of the scalar particles in = 4 are “flavour-changing”, 
therefore there is no scalar exchange in single-flavour amplitudes). (These observations are the 
basic ideas behind the flavour recursion discussed in 03 )• 
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4.2 Definition of C 

In this section we define the generalised cyclic factor C{w,z). We label the external particles 
of a primitive amplitude by 1 , n and the associated complex variables zj occurring in the 
scattering equations by z \,such that the complex variable zj corresponds to particle j. Our 
alphabet is then A = {1,2,and a word w = G Wo is equivalent to a permutation of 

(1,2, We define the standard cyclic factor C(w,z) for w = by 


C{hl2...ln,z) 


1 

(■Z/i ZI2 ) (z ;2 ZI2 ) ■ ■ ■ (z/,, Z/[) 


(75) 


The standard cyclic factor in eq. (1751) is also called the Parke-Taylor factor. The standard cyclic 
factor C{w,z) satisfies for z a solution of the scattering equations cyclic invariance, the Kleiss- 
Kuijf relations and the fundamental BCJ relations with any choice of letter for I 2 . In other words, 
the standard cyclic factor C(w,z) satisfies all the relations of the pure gluonic primitive tree 
amplitudes. The requirement that z is a solution of the scattering equations is needed for the BCJ 
relations, but not for cyclic invariance nor for the Kleiss-Kuijf relations. It will be convenient to 
view C(w,z) and C{w,z) as linear operators on the vector space of words with basis Wo, similar 
to eq. (ftsl) : 


C{'kiWi+X2W2,z) = XiC{wi,z) + 'k2C{w2,z), 

C{'kiWi+X2W2,z) = ?liC(wi,z)+?l 2 C(w 2 ,z). (76) 

Let US now give the definition of the generalised cyclic factor C: 

1. For w G W 3 we set 

C(w,z) = C(w,z), (77) 

i.e. the generalised cyclic factor C(w,z) agrees on W 3 with the standard cyclic factor 
C(w,z), in agreement with the comments of section l4Tl 

2. For w G W 2 \W 3 we first define 

C{w,z) = 0 (78) 

for all words corresponding to crossed fermion lines. For words with no crossed fermion 
lines we relate C(w,z) as in eq. (I3TI) (by substituting C for A„) to a linear combination of 
C(wy,z)’s with Wj G W 3 . With the notation as in section [231 we have for sub-words 

h\h2---hr^ yk hl^j2'"hs' (79) 


the relation 

C {xk^ 1 qiXtq jWk +1 q jykQiyk- 1, z) = 

a=0b=0 
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with 


^k+i = {k+i-K)^Wk+i^{hi-hb) ■ ( 81 ) 

This relation allows us to define reeursively the generalised eyelie faetor for words with 
w G 1 T 2 \ 1 T 3 in terms of generalised eyelie faetors of words with w G IT 3 . The reeursion 
proeeeds along the levels of the fermion lines, as explained in seetion lX3l 

Eq. (17^ defines C{w,z) for words with erossed fermion lines. For these words C is simply 
zero. Eq. (f80l) defines recursively the generalised cyclic factor C(w, z) for words with a non¬ 
standard orientation of the fermion lines in terms of generalised cyclic factors for words 
with a standard orientation of the fermion lines. The latter have already been defined in 
step[I] 

3. For w G Wi\W 2 we set 

C{llWllnW2,z) = ln,z) . (82) 

Eq. (i82l) defines the generalised cyclic factor for words, where the letter l„ does not appear 
in the last place in terms of already defined generalised cyclic factors for words, where the 
letter /„ occurs in the last place. We recognise in eq. (I82l) the Kleiss-Kuijf relation. 

4. For w G Wb\Wi we set 

C{wihw2,z) = C(/iW 2 Wi,z). (83) 

Eq. (1831) defines the generalised cyclic factor for words, where the letter /i does not appear 
in the first place in terms of already defined generalised cyclic factors for words, where the 
letter /i occurs in the first place. We recognise cyclic invariance in eq. ([83]) . 

4.3 Definition of E 

In this section we define the generalised permutation invariant function E {z,p, e). We recall that 
we defined a A^permutations x Absolutions-dimensional matrix M„j by 

Mwj = J {z^^\p^ . (84) 

Eet us consider a A^basis x Absolutions-dimensional sub-matrix by restricting w e B. Note that 
we always have 


Abbasis ^ Absolutions 5 (85) 

therefore the matrix has less rows than columns. For w & B the generalised cyclic factor C 
agrees with the standard Parke-Taylor factor C 
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w &B. 


(87) 


and the entries of are given by 

On a teehnieal level, we will now do the following: We first establish that the matrix has 
full row rank: 


mnk = iVbasis- (88) 

If has full row rank, a right-inverse exists. The right-inverse might not be unique. We 
are interested in a right-inverse N’j^ such that the entries in the y-th row of depend only on 

z^-^K but not on the other solutions of the scattering equations. 

The entries of the matrix are defined in eq. (1871) in terms of the standard Parke-Taylor 
factor C(w,z) and the Jacobian J{z,p). Information on the flavour of the particles does not enter 
the definition of the individual entries of the matrix The flavour information will only 

affect the set B, giving all the possible first indices w G 5 of As the flavour information is 
to a large extent irrelevant, let us for simplicity consider the alphabet 

A = {1,2,...,n}, (89) 

with the implicit understanding that we may recover the information on the flavour of the particles 
if needed. The set W 2 is then 

W 2 = {Zi/2 .../„6 Wo|/i = 1,/„ = n}. (90) 

The set W 2 has (n — 2)! elements. 

Let us first consider the case nq<2. For < 2 we have 

Abasis -^solutions; (91) 

and an amplitude basis is given by 

Bnq<2 = {/i/ 2---A G Wo I/i = 1, A-i = n — 1,/„ = n }. (92) 

The basis 5„^<2 has ^solutions = (n — 3)! elements. For Uq <2 the matrix is a square 
Absolutions X Absolutions matrix. We will need this special matrix in the sequel and we denote this 
matrix without a hat: 

MZ- = j{z^^\p)c{wJ^'^y weB„^<2. (93) 

It is known that is invertible. We can give an explicit expression for the inverse matrix. Let 
w = hh-.-ln-iln-dn ^ bc a word with /i = 1, /„_! =n — l and /„ = n. We denote by w the 
word 


W — (i(2-"A— 2 AA—1, 


(94) 
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i.e. the word where the last two letters are exehanged. We then define for wi = G 5„^<2 
and W 2 = h...kn e 5„^<2 [|2l[53-[52l 


S[wi|w2] 


(-irn 


n—2 

n 

i=2 




2pi^ ■ pi. + 2A/jZ. + ^ 0^2 {h^ ^i) {^Pij ■ Ph + 2A/.z,.) 

f=2 


(95) 


with 


^W2 [}]■! (l) 


1 if Ij eomes before /, in the sequenee ^ 2 , ^ 3 , • • •, ^n- 2 , 
0 otherwise. 


We then set 


< = E 5Hv]c(v.zW). 


(96) 


The Absolutions X Absolutions-dimensional matrix Nj^ is the inverse matrix to Thus we have 


y^redyyred ^ g yyredyi^red = S. . (O']) 

Of eourse, the inverse matrix is unique and a inspeetion of eq. (l96l) shows that the 7 -th row of 
Abb®^* depends only on and not on the other solutions if / ^ 

Let us now diseuss the general ease G Nq. For > 2 we have 


Abbasis ^ Absolutions (98) 

and the matrix is now a reetangular Abbasis x Absoiutions-dimensional matrix, with first index 
given by w G 5. We first have to establish that has full row rank, i.e. 


rankM;,^/ = Abbasis 


This would be easy, if 


(99) 


B C Bn^<2. 


( 100 ) 


However, this is not the ease. For nq> 2 the elements of B do not have a unique letter at position 
(n — 1 ) and in general we have 


B <1 Bn^<2. (101) 

In order to get around this obstruetion we reeall that the standard eyelie faetors C(w,z(-b)) satisfy 
the BCJ relations and we may express the standard eyelie faetor C(w,z(20) for w G B as a linear 
eombination of standard eyelie faetors C(w',z*^-b)) with w' G B„^< 2 '- 

( 102 ) 
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where a sum over w' G Bn „<2 is understood. defines a A^basis x Absolutions-dimensional matrix. 

q — 

The explieit expressions of the entries of are given in appendix |Bl We note that the entries 
of the matrix F^^i depend only on the scalar products 2piPj, but not on We then have 

Mwt = (103) 

The case < 2 is trivially included in eq. (11031) by taking to be the Absolutions x Absolutions 
identity matrix. The matrix has rank Absolutions and is invertible. It follows that M^j has 
rank Abbasis if and only if the Abbasis x Absolutions-matrix F^^;^l (with w e B and w' G 5„^<2) has rank 
Abbasis- We have verified for all cases with n < 10 external particles and for generic kinematical 
configurations that the matrix F^^i (and hence has rank Abbasis- Based on this evidence we 
will in the sequel assume that F^w' has rank Abbasis: 

rankFv,.v,./ = Abbasis, (104) 

Note that eq. (11041) is a purely kinematical statement, independent of flavour and independent of 
the variables We further note that by a suitable ordering of the bases B and Bn ^<2 the matrix 
can be brought into an upper triangle block structure. It is therefore sufficient to show that 
all (square) matrices on the main diagonal have full rank. The details are given in appendix O 
Assuming from now on that the matrix has maximal row rank, the Abbasis x Abbasis- 
dimensional matrix FF^ is invertible and the Absolutions x Abbasis-dimensional matrix 

G = F^ {FF'^y^ (105) 

defines a right inverse to F: 

Fwiw'^w'W 2 ^WlW2- (106) 

We then set 

Abred = Ab'^^d^ 

The Absolutions X Abbasis-dimensional matrix iV’‘®d is then a right inverse to M''®d; 

= Switva- (108) 


Having defined N^, we set 


Ej = (109) 

where a sum over all w G 5 is understood. Putting everything together, we arrive along the lines 
of ref. [fT4ll at the definition of the generalised permutation invariant function F(z,p,£): 

E{z,p,£) ^ -i Y, H S[u\v]GuwC{v,z)An{w,p,£). (110) 

W^B 
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A few comments are in order: The attentive reader may ask, why we did not simply define 
as 

j^redT 

The reason is as follows: We would like to have that Ej depends only on the y-th solution of the 
scattering equations, but not on all the other solutions. Within our definition this is manifest. F 

and G are independent of z, and so is S[wi |vi> 2 ]. The z-dependence comes entirely from C ^v, 
in eq. (1^ . Therefore Nj^ depends only on and not on z*^'^ if i ^ j- We can therefore define 
a function E {z,p, £) on C" as done in eq. (II 101) . On the other hand, this is far from clear for the 
expression in eq. (Illll) . 

A second comment is related to the uniqueness of our definition in eq. (II 101) . For nq> 2 the 
right-inverse to the matrix E^^i is not unique. It is of course unique for invertible matrices, 
i.e. the case riq < 2. We may parametrise the general form of the right-inverse as 




( 112 ) 


with an arbitrary Absolutions x Abasis-dimensional matrix Plugging this into eq. (II101) we find 


u,veB„^<2 


E{z,p,e) E{z,p,e)-i ^ 5[m|v] (5^^^ -x^'C(v,z), (113) 

or equivalently 


^ jw' {^w'w '2 I ''■Wj’ 


(114) 


with some arbitrary Asoiutions-dimensional vector This arbitrariness does not affect expres¬ 
sions of the form 


i ^ jU^\p)yUAeU^\pA, (115) 

solutions j 

as long as Y has an expansion in C{w,z^-^'^) with w eB\ 

Y (z^jA = Y,^wC(w,z^^^Y (116) 

weB 

Then we may write 

j(z‘^^\p)yUjA = (117) 

weB 

and we have 

i I I 

solutions jw^B 

(118) 




^w'wi^WlW2 


-^1,1 / 


= I 


E E 


isoliitionfs iwGB 
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since 


^red^red 


= K. 




= iV; 


and R, 


^w'w\^wiw'2 


0. (119) 


For the tree-level primitive QCD amplitudes we will always have that the faetor Y appearing in 
the sum as in eq. (II151) is of the form as in eq. (II161) with w G 5 for Therefore the 

non-uniqueness of the right-inverse does not affeet tree-level primitive QCD amplitudes. 


4.4 Proof of the CHY representation 

Let us set 

^n{w) = i Y, j c E (120) 

solutions j 

with C defined in seetion 1431 and E defined in seetion l431 We would like to show that 

A„{w) = An(w), VwGWo. (121) 

It is suffieient to eheek the five eonditions at the end of seetion l24l 
1. We start with w G 5. We have 


An{w) = M^jEj = ( 122 ) 

Sinee w G B we may replaee the matrix row with the matrix row (the two rows 
are identieal). We therefore have 


A„(w) = = Av., 

where we used eq. (11081) . Switehing baek to the word notation we have 

A„(w) = A„(w). 


(123) 


(124) 


2. Let us now eonsider w G W 2 i\B. We have to verify the fundamental BCJ relation: 

n—1 f n \ 

i=2 \A:=;+1 / 


(125) 


In the definition of A„ only C depends on the eyelie order and therefore we should have 

n—1 / n 


L Y ^P^Pk]c[hh---kl2li+l...ln-lln,Z^^'^) = 0 

i=2 \fc=!+l 


(126) 
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for all solutions of the scattering equations. For w G VV 3 the cyclic factor C agrees with 
the standard Parke-Taylor factor: 

C(w,z) = C(w,z). (127) 


The validity of 

L( t, 2p2Pk]c(^hh...hl2h+l...ln-lln,Z^^^) = 0 (128) 

1=2 \ A;=!+1 / 

can be inferred from the pure gluon case. Note that we have to require that the are 
solutions of the scattering equations. 

3. Let us now consider w E W 2 \W 3 . We have defined C(w,z) = 0 whenever w corresponds to 
an external ordering with crossed fermion lines. This implies 

A„{w) = 0 (129) 

for words corresponding to crossed fermion lines. For words w E VF 2 \VF 3 with no crossed 
fermion lines we have defined C through eq. (f80l) . As A,i(w) depends on the external or¬ 
dering only through C(w,z), a similar relation holds for A„(w). In other words, A„ satisfies 
eq. (l3TI) . 

4. We may repeat this argumentation for w G Wi\W 2 and afterwards for w G Wb\Wi. In both 
cases we have defined C(w,z) such that the required relations (Kleiss-Kuijf relations for 
w G VFi\W 2 and cyclic invariance for w G Wb\Wi) are fulfilled. 

This completes the proof of eq. (1121b and we have shown that any tree-level primitive QCD 
amplitude has a CHY representation in the form of eq. (| 6 ^ . with C defined in section 1431 and E 
defined in section |431 

The generalised cyclic factor C(w,z) defined in section 1431 is always a linear combination of 
standard Parke-Taylor factors C(w,z) with z-independent coefficients. Since the standard Parke- 
Taylor factors C(w,z) transform under PSL(2,C) transformations as in eq. (TTOb . it follows that 
C(w,z) transforms as well as in eq. (TTOb . A similar argument applies to the PSL(2,C) transfor¬ 
mation properties of E{z,p,z). Eq. (IllOb shows that E{z,p, £) is a linear combination of standard 
Parke-Taylor factors C(v,z) with z-independent coefficients. Therefore it follows that .E(z,/>,e) 
transforms as in eq. (TTOb under PSL(2, C) transformations. 

Finally, let us comment on the gauge invariance of E{z,p,t)\ In section 1431 we defined 
E{w,p, e) in terms of amplitudes A„ (w) from the basis w eB. The amplitudes are gauge-invariant 
and the gauge-invariance of .E(z,p,£) follows trivially. 

5 An example 

We would like to illustrate our construction with a concrete example. A non-trivial example is 
the six-point amplitude Ag with three quark-anti-quark-pairs. We label the external particles from 
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1 to 6 and we set 


<?i = 1, ^2 = 2, ^3 = 3, ^3 = 4, q2 = 5, <2-1 = 6. (130) 

Our alphabet is then 

^ = {<?i,(?2 ,^3,^3,^2 ,^i} = {1,2,3,4,5,6 }. (131) 

The basis B eonsists of four elements: 

B = {123456,125346,132546,134256}. (132) 

The set 5„^<2 eontains six elements: 

5„^<2 = {123456,124356,132456,134256,142356,143256}. (133) 


Note that in the basis B we will have either partiele 4 or partiele 5 at position 5, while all elements 
in the set 5„^<2 have partiele 5 at position 5. Sinee the permutation invariant funetion E{z,p, e) 
involves Parke-Taylor faetors with partiele 6 at position 5 and partiele 5 at position 6 we introduee 
the set 5„^<2 given by 

5„^<2 = {123465,124365,132465,134265,142365,143265}. (134) 

The set .B „^<2 is just the set 5n^<2 with partieles 5 and 6 exehanged. The permutation invariant 
funetion is then given as a double sum in amplitudes A„(w,p,£) from the basis w G 5 and Parke- 
Taylor faetors C(v,z) from the set v G Bn^<2 as 

E{z,p,£) = -i ^ ^ Cvw(p)C(v,z)A„(w,p,£). (135) 

The eoeffieients Cyw{p) depend only on the kinematieal variables 2piPj (and the masses nij) and 
are given by 


Cvwip) = Y, S[u\v]Guw (136) 

^^^nq<2 

Due to the inverse matrix in eq. (11051) the explieit expressions for c^{p) are rather long and not 
reported here. 

Let us now eonsider the generalised eyelie faetor C(w,z). For w G 5 the generalised eyelie 
faetor agrees with the standard Parke-Taylor faetor. If w eorresponds to an external ordering 
with erossed fermion lines, the generalised eyelie faetor equals zero. Let us therefore eonsider 
as an example the word w = 153426. This word does not eorrespond to erossed fermion lines. 
However the fermion line 2-5 does not have the standard orientation. With the definitions of 
seetion l43l we have 

C(153426,z) - -C(124356,z) = C(123456,z) - C(123456,z). (137) 
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6 Conclusions 


In this paper we have shown that a CHY representation exists for all tree-level primitive QCD 
amplitudes. We provided a definition of the generalised eyelie faetor C{w,z) and a definition 
of the generalised permutation invariant funetion E{z,p,£-). The virtue of the CHY representa¬ 
tion lies in the faet that it separates the information on the external ordering (eontained in the 
generalised eyelie faetor C(w,z)) from the information on the helieities of the external partieles 
(eontained in the generalised permutation invariant funetion .E(z,p,£)). 
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A Orientation of fermion lines 

In this appendix we prove eq. (l3TI) . A slightly modified form of eq. (l3TI) has been stated in 
and the idea of the proof ean be found in P8l . We eonsider 

An = An{xk-iqiXkqjWk+iqjykqiyk-l) ■ (138) 

Let us assume that the sub-words Xk and yk eonsist of r letters and 5 letters, respeetively: 

Xk yk (139) 

It will be eonvenient to set 

Wk-\ = yk-iXk-i- (140) 

Using eyelie invarianee we have 

An = An{qiXkqjWk+iqjykqiWk-i). (141) 

We now use the Kleiss-Kuijf relation to flip xp- 

An == {-iyAn{qiqj{wk+\qjykqiWk-i)in{lq...lii)) ■ (142) 

If we would work out the shuffle produet, we would obtain words, where the first a letters of Xk 
oeeur after qj and the remaining (r — a) letters of Xk oeeur before qj, with a ranging from 0 to r. 
Writing this out we have 

r 

An = (-1)''(143) 

a=0 

We then use a seeond time the Kleiss-Kuijf relation to flip the sub-word qj[wk^\ LU {kr---Ua+i)]'- 
An=Y. (-l)'"^+''+^""A„ {q,q, { m [(y,<?,wn) m (/,,.../„)]). (144) 

a=0 
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The shuffle produet is assoeiative and therefore 

= t (,«,■ { m ^j} LU teftvrn) LU . (145) 

a=0 

We may then use the (inverse) Kleiss-Kuijf relation to bring baek between qi and qf. 

An = {-l)'^^'‘+^^^'^j^An{qilq..\qj{[wl^^[lA{li^^^...li)]qj][lA{ykqiWk-i)). (146) 

a=0 

In the shuffle product of LU with ykqiWk-i only the terms where qj occurs 

before qi are non-zero. The other terms have a crossed fermion line and the amplitude is zero for 
those. Writing the sub-word in terms of letters we obtain 

A„= (147) 

(_l)l /:+il ^^An {qili^...li^qj UAWkJ^i LU (/jj qjlj^^^...lj^qiWk-\) ■ 

a=Qb=Q 

Finally, using cyclic invariance one arrives at 

An = {-\)'^""'‘+^^^'^'^'^An{xk-iqilq...liaqjWk+\qjljb+x---hs^iyk-\). (148) 

a=0b=0 

with 


^k+i = {k+i-K)^Wk+i^{hi-hb)- 


(149) 


B The matrix 

In this appendix we define the entries of the matrix occurring in eq. (II02I) . We may neglect 
flavour and it is therefore convenient to consider the alphabet 

A = {l,2,...,n}. (150) 

We set as before 

Wo = {/i/2.../„|/.eA, Z,^/^ foriVj} (151) 

and 

1^2 = {/i/2...AeWo|/i = l, A = n}, 

B = {lil2...l„eWo\li = l, ln = n}. (152) 

For a sub-word w = set 

5(w) = ^ ^a{l)^a{2)---^a{k)- (153) 

aeSk 


26 




Let wi = hl2---lj and W 2 = lj+ilj+2---ln-3 be two sub-words, such that w = Iwi {n — l)w 2 n G W2. 
For convenience we set l„-2 = n—l. The standard cyclic factors satisfy the BCJ 

relations and we have 

= £iVw'C(w',zW). (154) 

w' 

The sum is over all words occurring in 


1 (wi ljjS(w 2 )) (n — l)n. (155) 

For a given w we define = 0 if w' does not appear in the sum of eq. (11541) . Otherwise, the 
coefficients are given for w’ = 10 i 02 ...o«- 3 (n —l)n= lo(n — l)n by 


„ "ri 

where for p = la(n — 1 ) the function )T(p| 4 ) is given by 


(156) 


?(p| 4 ) = 


(157) 


r . 1 


^ {^ki Pr) If ^ ^h+l 


^ ^ 6j:+l 1 

r=l 

n—l 

+ 

If 64-1 ^ ^ ^h+i ( 

- Y. Q ( 4 , pr) if hk > hk+i 


0 else J 

r=% + l J 



ta denotes the position of leg a in the string p, except for 4 2 4 , which are always defined 

to be 


For j = n —4 this implies 


The function Q is given by 


6,1-2 6„_4; hj 


ti ~ = ti . = n. 

In—2 ^n—A 


'^PhPPr+'^\pr ifpr= l,(/^-l) 

^(4,Pr) = { 2pi^pp^+2\p^ iipr = ltSLndt <k 

0 else 


We used the notation 


Sai,...,ak — ^{'^PaiPaj+2.Aaiaj) 

i<j 


(158) 


(159) 


(160) 


(161) 


Let us mention that the coefficients iVw' are the ones appearing in the general BCJ relations for 
tree-level primitive QCD amplitudes ^38113911 . We presented them here in a form which holds also 


27 










for the massive ease. The general form of the BCJ relations is as follows: Let wi = lih-.-lj be 
a sub-word, where partieles of any type may oeeur and W 2 = lj+ilj+ 2 ---ln -3 a seeond sub-word 
eonsisting only of gluon legs. We further assume that w = \wi{n— \)w 2 n G W 2 . The general 
BCJ relation reads 


A„(w) = ^FwA„(w'). (162) 

w' 

As before, the sum is over all words oeeurring in 

1 (wi ljjS(w 2 )) (r — l)n, (163) 

and the coefficients are defined as above. The general BCJ relations of eq. (11621) follow 
from the fundamental BCJ relations [|47ll . 

C Comments on the rank of 

We recall that the matrix is a Abasis x Asoiutions-dimensional matrix with Abasis < Asoiutions. 
w E B and w' E B„^< 2 . The conjecture in eq. (11041) states that the matrix F has full row rank: 

xankF^^t = Abasis- (164) 

In this appendix we show that in order to prove eq. (11641) it is sufficient to prove a weaker 
statement. We first show that the matrix F has an upper triangle block structure. We do this by 
defining a suitable partial order for the elements of the basis B and for the elements of the basis 
Bng< 2 - A sufficient condition for eq. (11641) is therefore that all (square) matrices on the main 
diagonal have full rank. 

Let us start with w E B. Let us write 

w = \wilw2Wg{n—\)w2n, (165) 

with the condition that W 2 is either empty or ends with an antiquark and Wg is either empty or 
contains only gluons. This defines uniquely the sub-words wi, W 2 , W 3 and Wg. The sub-words 
may be empty. The sub-word wi encodes all particles which come after particle 1 and before 
particle 2 in the cyclic order, the sub-word W 3 encodes all particles which come after particle 
(r — 1) and before particle r in the cyclic order. The sub-word Wg encodes all gluons which 
directly precede particle (r — 1 ), the sub-word W 2 encodes the remaining particles which come 
after particle 2 and before particle (r — 1 ) in the cyclic order. 

Let us now look at the antiquarks in W 3 . The corresponding quarks may either be in W 3 or 
in wi. They cannot be in W 2 (nor in Wg) since in this case they would have to cross the fermion 
line 2-(r — 1). We denote by ri the number of antiquarks in W 3 , where the corresponding quark 
is again in W 3 . We denote by R 2 the number of antiquarks in W 3 , where the corresponding quark 
is in wi- Furthermore we denote by nj the sum of the numbers of gluons in W 3 and Wg. We 
associate iow eB the triple 

A(w) = (ri,R2,R3). (166) 
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We define an order for these triples through 

{n[,n2,n'^) > (ni,n2,«3) (167) 

if there is an i sueh that n'- > ni and n'j = rij for all j < i. This is just the lexieographieal order for 
the triples (ni, ^ 2 , n^). The triples N{w) induee a partial order on B. 

Let us now turn to w' G 5 „^< 2 . Let us write 

w = lw\ 2 w' 2 {n—\)n. (168) 


Let us assume that 


= I'A-l'k- (169) 

We now eonsider all possible splitting of Wj into two sub-words (with the empty words ineluded) 

W2 = UV, U = lil2---lj, V = (170) 


sueh that 


w = lw[2u {n — \)v'^n (171) 

is an element of B. There is either one or no possibility for sueh a splitting. In the first ease we 
set 


y(w') = N{w), (172) 

with N{w) defined by eq. (11661) . in the latter ease we set 

y(w') = (-1,-1,-1) (173) 

This defines a partial order for Bn^< 2 - It is easy to see that there eannot be more than one possible 
splitting. Suppose = u'v' is a possible splitting. Then v' is either empty or must start with an 
antiquark. All antiquarks in u' have the standard orientation and do not eross other fermion lines, 
while all antiquarks in v' either have the opposite orientation or eross the fermion line 2 -(n — 1 ). 
These requirements make the splitting unique. If N'{w') = {n\,n2,n'i) ^ ( — 1, —1, —1), then n\ 
eounts the number of antiquarks in v' with the opposite orientation, while n 2 eounts the number 
of antiquarks in v', whieh eross the fermion line 2-(n — 1). The variable ^3 gives the sum of the 
trailing gluons of u' and the number of gluons in v'. 

We may now order the basis B by putting the elements w with the highest N{w) first. In a 
similar way we order the basis 5„^<2 by putting the elements w' with the highest N'{w') first. 
With respeet to this ordering the matrix has an upper triangle bloek strueture. This means 
that 


ifA(w) <A'(w'). 


(174) 
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Eq. (11741) is easily understood as follows: Let us eonsider a word w = lwi2w2Wg{n — l)w 3 n G B 
with N{w) = (ni,n 2 ,n 3 ). The non-zero elements of the line with w' G B „^<2 are the ones, 
where the letters of the sub-word W 3 are inserted in arbitrary positions between the letters 1 and 
(n — 1). Suppose now that w' = lw\2u'v'{n — l)n with N'{w') = {n\,n' 2 ,n'^) sueh that eq. (11711) 
is satisfied. The maximal number of antiquarks with the opposite orientation whieh may appear 
in v' is exaetly the number n\ of antiquarks in W 3 , where the eorresponding quark belongs also 
to W 3 . Thus we have n\ <n\. 

Let us now assume that n\ =ni. Then the maximal number of antiquarks appearing in v' and 
erossing the line 2 -(n — 1 ) is exaetly (under the assumption n'^ =n\) the number n 2 of antiquarks 
in W 3 , where the eorresponding quark belongs to wi. Thus we have < ^ 2 - 

Let us now look at the gluons. The maximal number of gluons appearing in v' is exaetly the 
number of gluons appearing in W 3 and Wg. Thus we have ng < ^ 3 . This eompletes the proof 
of eq. (11741) . 

Having established the upper triangle bloek strueture it follows that a suffieient eondition 
for the matrix having full rank is the situation, where all the square matriees on the main 
diagonal have full rank. In other words, we may eonsider the square sub-matriees 

F-d withiV(w) =N\w') + (-1,-1,-1). (175) 

If for all sectors N{w) = N'{w') 7 ^ (—1, — 1, — 1) the corresponding sub-matrices F^^^, have full 
rank, then it follows that has full rank. Eq. (11751) allows us to work with matrices of smaller 
dimensions and reduces therefore the complexity of the problem. 

We remark that for some sectors the matrix F^®^, has a diagonal block form and can be reduced 
further to smaller square sub-matrices. This is the case for sectors with 0 < ni < nq — 2, where 
we may decompose F^^, with respect to the inequivalent antiquark flavour sets contributing to ni. 
Sectors with 0 < n2 < riq — 2 decompose with respect to the ordered sequences of antiquarks in 
W 3 contributing to n 2 (and the corresponding reversed sequences in v'). The sector (ni, 02 ,^ 3 ) = 
(0,0,0) contains all words w, which are at the same time elements of B and F„^< 2 - The matrix 
F^^, for this sector is always the unit matrix. However, the highest sector (ni,n 2 ,n 3 ) = {riq — 
2 , 0 , rig) does in general not decompose further. 

We have checked for all cases with n < 10 external particles and generic external momenta 
that the corresponding matrices F^®^, have full rank. 
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